Abstract. In this paper we give new constructions of central units that generate a subgroup of finite index in the central units of the integral group ring ZG of a finite group. This is done for a very large class of finite groups G, including the abelian-by-supersolvable groups.
Let G be a finite group. When G is abelian it is well known (and due to Bass and Milnor; see [1] and [9, Theorem 12.7 and Theorem 13.1]) that the Bass cyclic units of the integral group ring ZG generate a subgroup of finite index in Z(U(ZG)), the group of (central) units of ZG. In [4] , it was shown that if G is a nilpotent finite group of nilpotency class n, then the group b (n) is of finite index in Z(U(ZG)). Here b (n) is defined recursively as follows. We denote by Z i the i-th centre of G. Recently, Ferraz and Simón [2] gave a construction of central units in case G is meta-(cyclic of prime order) that generate a subgroup of finite index. They actually provided an independent set of generators.
In this note we continue these investigations and provide new constructions of central units that generate a subgroup of finite index in the central units of ZG and this for a very large class of finite groups G, including the abelian-by-supersolvable groups. The proof and construction relies on a beautiful paper of Olivieri, del Río and Simón [6] in which they give an explicit construction of the primitive central idempotents of rational group algebras QG of the so-called strongly monomial groups (for example, abelian-by-supersolvable groups). Our proof thus uses a completely different method from the one used in [4] for finite nilpotent groups. In Section 1 we will recall the necessary background on this. In Section 2 we prove the main results for strongly monomial groups. In Section 3 we prove a general result that yields generators for central units from subgroups and quotient groups. An application is given for solvable Frobenius groups.
One of the fundamental points in our construction of generators for central units in ZG is that the constructed units are generic and only make use of the lattice of subgroups of G. So the character table is not explicitly used. In [8] generators for a subgroup of finite index were found using the character table of G (and thus the primitive central idempotents of the complex group algebra CG) and also using some Galois descent.
Primitive central idempotents
Let G be a finite group and K and H subgroups.
where M(H/K) denotes the set of all minimal normal nontrivial subgroups of H/K.
where
A Shoda pair of a finite group G is a pair (H, K) of subgroups of G with the properties that K H, H/K is cyclic and for every g ∈ G \ H there exists h ∈ H so that h
If (H, K) is a strong Shoda pair, then we also have that Cen
Crucial for the proof of our main result is the following proposition. 
where the action and twisting defining the crossed product
for a, b ∈ N/H and integers i and j. Note that t∈T (QNε(H, K)) t consists of the diagonal matrices of M n (QNε(H, K)) and that the action of N/H on Q(ξ k ) = QHε(H, K) is faithful (see Remark 3.5 in [6] ).
An irreducible monomial character (respectively strongly monomial character) χ of G is a character of the form χ = ψ G (the induced character of ψ) for ψ ∈ Lin(H, K) (the set of linear characters of H with kernel K) and some Shoda (respectively strong Shoda) pair (H, K) of G. A finite group G is monomial if every irreducible character of G is monomial and it is strongly monomial if every irreducible character of G is strongly monomial. It is well known that every abelian-by-supersolvable finite group is monomial. In [6] it is also proved that an abelian-by-supersolvable group is strongly monomial. Hence one obtains the following result, which again is fundamental in the proof of our main result. 
Moreover, if these properties are satisfied, then (H, K) is a strong Shoda pair.
So, for abelian-by-supersolvable finite groups G a character-free method has been given to compute the Wedderburn decomposition of the rational group algebra QG. In [7] an algorithmic method is presented to compute the Wedderburn decomposition of kG for G an arbitrary finite group and k an arbitrary field of characteristic 0 using the Brauer-Witt theorem. This algorithm also has been implemented for the system GAP (package wedderga).
Generic constructions of central units
The description of primitive central idempotents allows us to compute for strongly monomial finite groups G a finite set of generators B for a subgroup of finite index in Z(U(ZG)), the group of central units of ZG.
In order to do so, we consider ZG as a Z-order in the rational group algebra QG; that is, the ring ZG is a finitely generated additive abelian group that contains a Q-basis of the semisimple ring QG. Clearly, ZG ⊆ M = e ZGe, where e runs through all primitive central idempotents of QG. As M is also a Z-order in QG, we know that the finitely generated group Z(U(ZG)) is of finite index in Z(U(M )). Hence, to prove that the finite set B of Z(U(ZG)) generates a subgroup of finite index in Z(U(ZG)) it is sufficient (and necessary) to show that for every primitive central idempotent e of QG the group B contains a subgroup of finite index in the group of units of the form (1 − e) + ue, where u ∈ Z(U(O)) and O is a Z-order in the center of QGe.
Furthermore, if R 1 and R 2 are Z-orders in QG, then U(R 1 ) and U(R 2 ) are commensurable; i.e., U(R 1 ) ∩ U(R 2 ) is of finite index in both U(R 1 ) and U(R 2 ). Hence there exists a positive integer m so that u m ∈ U(R 2 ) for any u ∈ U(R 1 ). In particular, if e is a central idempotent of QG, then there is a positive integer m so that (1 − e) + u m e = ((1 − e) + ue) m ∈ U(ZG) for any u ∈ U(ZG). Also, if H and
Hence, there exists a positive integer n so that (1−K)+v
The reader is referred to [9, Chapter 1, Section 7] for the quoted statements on units of orders.
At several points in the following proof we will need to recall that in a finitely generated abelian group, replacing generators by powers of themselves yields a subgroup of finite index. Theorem 2.1. Let G be a finite group that is strongly monomial. Let B be the finite set consisting of elements of the form
Proof. Let (H, K) be a strong Shoda pair in G and let e = e(G, H, K) be the associated central primitive idempotent in QG. Since H/K is a finite cyclic group, we know that the Bass cyclic units of Z(H/K) generate a subgroup of finite index in the finitely generated abelian group U(Z(H/K)). It is also well known and easy to verify that (some power of) such a Bass cyclic unit is a (natural) image of a Bass cyclic unit of ZH.
Conjugation induces a natural action of N on QH. For α ∈ QH and g ∈ N we denote g −1 αg by α g . This action, in its turn, induces a natural action of N/H on the field QHε(H, K) ∼ = Q(ξ k ). From Proposition 1.1 we know that this is a faithful action. Therefore the centre of QNε(H,
N/H is a commutative ring and a Z-order in the field (QHε (H, K) ) N/H . Hence, its unit group is finitely generated, and thus it is readily verified that U( (ZHε(H, K) ) 
Because e = t∈T ε(H, K) t , we get that
Because of the assumption on m, we also know that these elements belong to ZG and they generate a subgroup of finite index in the unit group of the center of
. This proves that the central units as described in the statement of the theorem generate a subgroup of finite index in the group of central units of ZG.
Let G be a finite group and (H, K) a strong Shoda pair in G. For a Bass cyclic unit b ∈ ZH we denote by
Note that, with notation as in Theorem 2.1,
for distinct elements t, t ∈ T and a Bass cyclic unit b ∈ ZH. Hence all elements
with t ∈ T , commute amongst themselves. Also, since
amongst themselves. Hence, the factors defining b (H,K) commute and thus the definition is independent of the order of the factors. Note also that
It follows from the orthogonality of the various (H, K) t and the above that generators defined in the previous theorem (as a summation of conjugates) can be
Hence we obtain at once the following corollary.
Corollary 2.2. Let G be a finite group that is strongly monomial (for example, G is an abelian-by-supersolvable finite group). Then the group generated by all units of the form
b (H,K) m(G,H,K) = g∈G 1 − ε(H, K) + b m(G,H,K) ε(H, K) g = g∈T ⎛ ⎝ 1 − ε(H, K) + ( x∈N G (K) (b x ) m(G,H,K) )ε(H, K) ⎞ ⎠ g ,
with (H, K) a strong Shoda pair, b a Bass cyclic unit in ZH and m(G, H, K) a positive integer so that 1 − ε(H, K) + b m(G,H,K) ε(H, K) ∈ ZG for all Bass cyclic units b ∈ ZH, is of finite index in Z(U(ZG)).
Note that different strong Shoda pairs (H, K) may give the same primitive central idempotent e(G, H, K). It follows from the proofs that in the statement of Theorem 2.1 and Corollary 2.2 one only has to consider one strong Shoda pair (and the associated units) for each primitive central idempotent of QG.
We can "simplify" the proposed generators in case the primitive central idempotents of QG are determined by strong Shoda pairs (H, K) with H normal in G. The latter occurs (see Theorem 1.2) for example if G is a finite metabelian group.
Corollary 2.3. Let G be a finite metabelian group. Then the group generated by all units of the form
g∈G 1 − K + b n(K) K g ,
with (H, K) a strong Shoda pair and H normal in G, b a Bass cyclic unit in ZH and n(K) the smallest positive integer so that
1 − K + b n(K) K ∈ ZH,
is a central subgroup of finite index in Z(U(ZG)).
Proof. Because G is a metabelian finite group, Theorem 1.2 yields that all the primitive central idempotents of QG are of the form e(G, H, K) with (H, K) a strong Shoda pair and H normal in G. Because H/K is cyclic, we know that the Bass cyclic units of Z(H/K) generate a subgroup of finite index in the abelian group U(Z(H/K)). As Z(H/K) is a Z-order in Q(H/K) ∼ = QH K, we thus obtain that the group generated by elements of the form 1− K +b K (with b a Bass cyclic unit in ZH) contains a subgroup of finite index in
Because of the commuting of the elements mentioned above, we obtain that
By Corollary 2.2 the group generated by all b (H,K) m(G,H,K)
is of finite index in the centre of U(ZG). Because of the comment given before the corollary, the result thus follows.
Reduction machinery
In this section, we prove a general result that yields generators for central units of ZG from subgroups and quotient groups of G. An application is given for solvable Frobenius groups. ( belongs to the finitely generated group described in the statement. So the result follows.
The following lemma gives a sufficient condition for the third property in the previous theorem to be satisfied. Proof. We are given that {nxn
) and x −1 nxn −1 ∈ N , the first statement follows. For the second, assume α is a central unit of ZG lying in 1 + Δ(G, N ). Since α is central in ZG, we have that
where a i ∈ Z and C i is a conjugacy class sum for each i. Since α ∈ 1 + Δ(G, N ), we also have that Hence it follows that a j = 0 for such conjugacy class sums, and we are done. Note that because of a result mentioned in the introduction [4] , the units c used in the above corollary may also be replaced by b (n) , where n is the nilpotency class of N and b is a Bass cyclic unit in ZN .
